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1 Expressive limitations of first-order logic

First-order logic uses only quantifiers that bind variables in name position. Second-order logic
includes quantifiers that bind variables in predicate position. Thus, ‘∃XXa’ is a formula of second-
order, but not first-order logic.

Sentences such as

(1) She is something I am not [namely, patient].

seem to be good candidates for second-order representation. In this case, it is tempting to use a
substitutional quantifier:

(2) ΣF(Fs ∧¬Fi).

Boolos discusses a more interesting class of cases. These are sentences that don’t seem to be
quantifying over properties, the way (1) is. Indeed, they seem to be talking about just the objects
in the ordinary first-order domain. But still, somewhat surprisingly, they can’t be captured in first-
order terms.

Let’s consider

(3) Some critics are admired only by one another.
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Figure 1: Which models make (3) true?
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I think we understand what this says. To get clearer about it, try drawing some models in which it is
true, and some in which it is false. Your models can consist of circles (critics), squares (non-critics),
and arrows indicating who admires whom. There are two examples in Fig. 1.

Try to convince yourself that (3) can’t be formalized in first-order logic, by trying to formalize
it. The result can be proved; see below, section 1.1.

If we are going to formalize (3), then, we must do so in second-order logic:

(4) ∃X(∃xXx ∧∀y(Xy ⊃ Cy)∧∀y∀z[(Xy ∧Azy) ⊃ (Xz ∧y ≠ z)])

(Note: the initial ‘∃xXx’ is there because the sentence can’t be true unless there is a group of at
least one critic that satisfies the condition.)

Some of Boolos’s examples have first-order equivalents, even though their most natural and
direct representation is second-order. For example,

(5) There are some monuments in Italy of which no one tourist has seen all.

The natural second-order formalization is

(6) ∃X(∃xXx ∧∀x(Xx ⊃ Mx)∧¬∃y(Ty ∧∀x(Xx ⊃ Syx)))

But if you think about it, you can see that this is true just in case (a) there are some monuments in
Italy, and (b) no tourist has seen all the monuments in Italy. And this, of course, can be expressed
in first-order terms:

(7) ∃xMx ∧¬∃x(Tx ∧∀y(My ⊃ Sxy)).

My favorite example is one for which Quine thought there was a first-order equivalent, namely

(8) Some of Fiorecchio’s men entered the building unaccompanied by anyone else.

As Boolos points out, the natural symbolization is second-order: ‘anyone else’ means ‘anyone else
but them.’

(9) ∃X(∃xXx ∧∀x(Xx ⊃ Fx)∧∀x(Xx ⊃ Ex)∧∀x∀y((Xx ∧Axy) ⊃ Xy)).

Quine analyzed this as

(10) ∃x(Fx ∧ Ex ∧∀y(Axy ⊃ Fy)).

Boolos argues that this can’t be right, since (9) is provably non-first-orderizable.

Question: Can you think of a situation in which (9) would be true but (10) false,
under the intended interpretation (where ‘Fx’ means ‘x is one of Fiorecchio’s
men’, ‘Ex’ means ‘x entered the building’, etc.)? If not, how can we make sense
of Boolos’s claim? Is there a sense in which Quine is right? (Hint: Would things
be any different if instead of ‘unaccompanied by’ we had ‘unseen by’?)

So far we’ve been representing sentences using a second-order existential quantifier. We can
also find cases that need a universal quantifier. Often these will combine ‘some’ and ‘if.’ Compare:

(11) If there is a horse who can beat Zed, . . . it . . .
∀x((Hx ∧ Bxz) ⊃ . . . x . . .)
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(12) If there are some critics who admire only each other, . . . they . . .
∀X([∃xXx ∧∀y(Xy ⊃ Cy)∧∀y∀z((Xy ∧Ayz) ⊃ Xz)] ⊃ . . . X . . ..

Here’s an example:

(13) If there are some things of which 0 is one, and of which every successor of one of them is
one, then every number is one of them.

(14) ∀X([X0∧∀x∀y((Xx ∧ Syx) ⊃ Xy)] ⊃ ∀x(Nx ⊃ Xx))

This, of course, is the principle of mathematical induction. It cannot be formalized in first-order
terms. When we formalize arithmetic in first-order logic, we use instead an axiom schema, and posit
as axioms all substitution instances of:

(15) [φ0∧∀x∀y((φx ∧ Syx) ⊃ φy)] ⊃ ∀x(Nx ⊃ φx).

But this is much weaker than the second-order version; in effect, it quantifies only over groups of
things that can be characterized with first-order formulas (the things that can be substituted for ‘φ’).
It’s because of this that we get nonstandard models of arithmetic (on which see below, section 1.1).

Exercises:

1.1 Symbolize the following English sentences in second-order logical notation:

(a) Some boys and some girls went dancing, and each of the boys danced
with at least one of the girls.

(b) There are some propositions such that the negation of any of them is
one of them.

(c) Some critics admire only writers who hate most of them.

(d) If there are some people on the street, at least one of them will get shot.

(e) If some numbers are such that each of them is the product of two of
them, then there are more than two of them.

1.2 For which of the above sentences can you find equivalent first-order formu-
las? (State the equivalent formulas, or ‘can’t find one.’)

Extra credit:

1. Give an argument for the equivalence of (a) on p. 64 and (Z) on p. 63 of
Boolos.

2. How would you symbolize ‘Some teachers moved the piano across the
room’?

1.1 Digression: proving unrepresentability

On p. 57, Boolos offers a proof (due to David Kaplan) that

(B) ∃X(∃xXx ∧∀x∀y[(Xx ∧Axy) ⊃ (x ≠ y ∧Xy)])
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cannot be given a first-order formulation. The proof uses some concepts from metalogic, so don’t
worry if you can’t understand it. For those who are interested, though, here’s the basic idea:

1. If there were a first-order formula that captured the meaning of (B), it would be possible to
give first-order axioms for arithmetic that rule out nonstandard models.

2. But it can be proven that no first-order axioms for arithmetic can rule out nonstandard models.
(This follows fairly directly from the compactness theorem for first-order logic.)

3. Hence (by reductio) there is no first-order formula that captures the meaning of (B).

What’s a “nonstandard model” of arithmetic? Well, you know what a model is (a domain and an
interpretation of the language’s predicates and individual constants on that domain). A model of
a set of axioms is a model that makes these axioms true. Now consider a set of first-order axioms
for arithmetic (such as the standard Peano axioms). These axioms will contain some arithmetical
expressions, like ‘0’, ‘S’, ‘+’, and ‘<’. The standard model of arithmetic interprets these in the
obvious way: the domain is the set of natural numbers, the extension of ‘S’ is the set of pairs
consisting of a natural number and its successor, the extension of ‘+’ is the set of triples consisting
of two natural numbers and their sum, and the extension of ‘<’ is the set of pairs consisting of two
natural numbers where the first is less than the second. But, surprisingly, the standard model is not
the only model of the axioms. There are nonstandard models whose domains contain lots of “extra
numbers” that are greater than all the standard natural numbers. These nonstandard numbers are
numbers that you could never get to by starting with 0 and moving in a finite number of steps to
the next number.

You might think we could rule out these models by adding more axioms, but it can be proven
that no matter how many new first-order axioms we add, there are still going to be nonstandard
models. (The proof is neat, and fairly simple once you’ve got compactness. There’s a quick sketch
in the Wikipedia entry for non-standard arithmetic.)

Kaplan establishes premise (1) of his argument by giving a sentence (C) that is a substitution
instance of (B), with ‘(x = 0 ∨ x = y + 1)’ put in for ‘Axy ’. Clearly, if there is a first-order
representation of (B), there will be a first-order representation of (C). He then shows that (C) is
true in every nonstandard model of arithmetic, but false in the standard model (see note 7 for the
details). Thus, if there were a first-order formula equivalent to (C), we would have a first-order way
to rule out all nonstandard models of arithmetic (just add the negation of (C) to the other axioms).
Since it can be proven on general grounds that there is no way to do this, we know there can’t be a
first-order formula equivalent to (C).

2 Set Theory in Sheep’s Clothing?

So, we’ve managed to formalize some sentences of English using second-order quantifiers, and we’ve
seen that in many cases that is the only way we can formalize them. Let’s now turn to the question
of how, exactly, these second-order quantifiers are to be understood. For simplicity, let’s focus on
the simplest second-order sentence:

(16) ∃XXa

We might understand (16) to be saying one of the following:

(17) There is a property that a possesses.
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(18) There is a concept that applies to a.

(19) There is a set of which a is a member.

Both of these construals treat the second-order quantifier as quantifying over a special kind of entity
(properties, concepts, sets). But then it is unclear why we could not simply include these entities in
the domain of our first-order quantifiers, and use first-order logic:

(20) ∃xHax

(21) ∃xAxa

(22) ∃xa ∈ x

For just this reason, Quine famously objected that second-order logic was just “set theory in sheep’s
clothing.”1 His point was that if we’re going to be talking about sets, it’s more honest just to make
that explicit.2

But there are reasons to be dissatisfied with this way of thinking about our second-order for-
malizations. For one thing, when we say

(23) There are some critics who are admired only by each other,

it doesn’t seem as if we’re talking about sets (or properties or concepts). We’re just talking about
critics. It seems perfectly coherent to say, for example,

(24) There are some critics who are admired only by each other, and there are no sets.

As Boolos says, “. . . there may be a set containing all trucks, but that there is certainly doesn’t seem
to follow from the truth of ‘There are some trucks of which every truck is one.’ ” Indeed, this last
sentence seems to say little more than that there are trucks.

Moreover, as Boolos points out, there are some things we’d like to be able to say about sets
using our second-order language that we couldn’t coherently say if our second-order quantifiers
were really quantifiers over sets. For example (taking the first-order domain to be sets),

(25) ∃X(∃xXx ∧∀x(x ∉ x ⊃ Xx))
There are some sets of which every set that is not a member of itself is one.

Boolos thinks that this means the same thing as

(26) There are some sets and every set that is not a member of itself is a set,

which is true. But if we take (25) to be a disguised set-theoretic statement, namely

(27) There is a set of sets of which every set that is not a member of itself is a member,

we get something that is false in standard (Zermelo-Fraenkel or “ZF”) set theory (for reasons relating
to Russell’s Paradox).

1See his Philosophy of Logic.
2For a useful critical examination of Quine’s charge, see Boolos, “On Second-Order Logic,” reprinted in his Logic,

Logic, and Logic.
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φ Tr(φ)
a Alex [or whatever!]
Fv itv is a frog [or whatever!]
Vv itv is one of themV
v = v′ itv is identical with itv′

∧ and
∨ or
¬ it is not the case that
⊃ only if
≡ if and only if
∃vψ there is somethingv such that Tr(ψ)
∀vψ everythingv is such that Tr(ψ)
∃Vψ either there are some things thatV are such that Tr(ψ), or ψ⊥ [where ψ⊥

is the result of substituting every occurrence of [Vα\ in ψ, where α is any
term, with [α ≠ α\]

Figure 2: Boolos’s translation scheme.

3 Boolos’s plural interpretation

Boolos’s alternative suggestion is that the second-order quantifiers don’t range over anything other
than the objects the first-order quantifiers range over them. It’s just that they range over them
plurally instead of singly. His punch line:

The lesson to be drawn from the foregoing reflections on plurals and second-order logic
is that neither the use of plurals nor the employment of second-order logic commits
us to the existence of extra items beyond those to which we are already committed.
We need not construe second-order quantifiers as ranging over anything other than the
objects over which our first-order quantifiers range, and in the absence of other reasons
for thinking so, we need not think that there are collections of (say) Cheerios, in addition
to the Cheerios. Ontological commitment is carried by our first-order quantiifers; a
second-order quantifier needn’t be taken to be a kind of first-order quantifier in disguise,
having items of a special kind, collections, in its range. (p. 72)

To support this claim, Boolos provides a procedure for translating any sentence of (monadic)
second-order logic into a sentence of English that does not make any mention of sets or collections,
but instead uses normal plural constructions that we understand independently of set theory. The
English sentences that his translations produce are stilted and slightly augmented by subscripts
(though these could be eliminated in principle by phrases such as ‘the former’ and ‘the latter’). But
they are “proper sentences of English which, with a modicum of difficulty, can be understood and
seen to say something true.”

The procedure is summarized in Fig. 3. No translation is given for universal second-order quan-
tifiers; these must be handled using the equivalence ∀X a ¬∃X¬. The reason for the complicated
clause for ‘∃V ’ is that English “some things” implies “at least one thing,” but the second-order quan-
tifier does not. (So, ‘∃X∀x(x ≠ x ⊃ Xx)’ is true.) ψ⊥ says, essentially, that ψ is true even if nothing
is one of the Vs.

Let’s try using this procedure to get a translation of
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(28) ∃X∀x(Fx ≡ Xx).

The main operator is ‘∃X’, so we apply the last rule:

(29) Either there are some things thatX are such that Tr(‘∀x(Fx ≡ Xx)’), or
Tr(‘∀x(Fx ≡ x ≠ x)’).

The last part (after ‘or’) is just standard first-order stuff. So we just need to compute Tr(‘∀x(Fx ≡
Xx)’). Applied the rule for ‘∀v ’, we get:

(30) everythingx is such that Tr(‘Fx ≡ Xx’).

Tr(‘Fx ≡ Xx’) is

(31) Tr(‘Fx’) if and only if Tr(‘Xx’).

Tr(‘Fx’) is just ‘itx is a frog,’ and Tr(‘Xx’) is ‘itx is one of themX .’ Putting it all together then, we
get:

(32) Either there are some things thatX are such that everythingx is such that itx is a frog if and
only if itx is one of themX , or everything is such that itx is a frog if and only if itx is not
identical with itself.

Which is intelligible English, though not something you’d want to write in a term paper! Once you
have this, you can try to get a smoother version:

(33) Either there are some things such that a thing is one of them just in case it’s a frog, or
nothing is a frog.

Exercises: Translate the following second-order formulas into English, using Boo-
los’s translation method. (You may use subscripted pronouns, like ‘themX ,’ but
after giving a translation using these, try to give a more idiomatic version.) Take
‘Fx’ to mean ‘x is a frog,’ ‘a’ to mean ‘Al’ and ‘b’ to mean ‘Beth’.

3.1 ∃X(Xa∨Xb)

3.2 ∃X(∀x(Xx ⊃ Fx)∧¬Xa)

3.3 ¬∀X∀x(Xx ⊃ Fx)
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